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Abstract

It is an established fact that quantum coherences have thermodynamic value. The natural question arises,
whether other genuine quantum properties such as entanglement can also be exploited to extract thermo-
dynamic work. In the present analysis, we show that the ergotropy can be expressed as a function of the
quantum mutual information, which demonstrates the contributions to the extractable work from classical
and quantum correlations. More specifically, we analyze bipartite quantum systems with locally thermal
states, such that the only contribution to the ergotropy originates in the correlations. Our findings are
illustrated for a two-qubit system collectively coupled to a thermal bath.

Preliminaries

For a quantum system described by H =
∑d

i=1 εi |εi⟩ ⟨εi| and quantum state ρ =
∑d

j=1 rj
∣∣rj〉 〈rj∣∣, such

that εi ≤ εi+1 and rj ≥ rj+1. The ergotropy [1] is calculated by performing an optimization over all possible
unitary operations to achieve a final state that has the minimum average energy with respect to H ,

E(ρ) = tr {Hρ} −min
U

{
tr
{
HUρU†

}}
= tr

{
H(ρ− Pρ)

}
, (1)

where Pρ ≡
∑

k rk |εk⟩ ⟨εk| is called the passive state. An equivalent expression is the following

E(ρ) =
∑
i,j

rjεi

(
|
〈
rj
∣∣ |εi⟩ |2 − δij

)
. (2)

• Goal: relating the ergotropy to the correlations present in a quantum state, and quantified through the
quantum mutual information,

I(A : B) ≡ S(ρA) + S(ρB)− S(ρ), (3)
where S(ρi) = −tr {ρi ln(ρi)} denotes the von Neumann entropy, and ρ is the quantum state of S.

Ergotropy from correlations

• Process (i): Create/sustain correlations

(∀t ∈ [−τ0, 0]); H(t) = HA ⊗ IB + IA ⊗HB +HI(t). (4)

• Process (ii): Unitary work extraction

(∀t ∈ [0, τ ]); H(t) = HA ⊗ IB + IA ⊗HB + Γ(t). (5)

=⇒ Results:

β E(ρ) = I(A : B)−D(Pρ||ρA ⊗ ρB), (6)
β E(ρ) ≤ I(A : B). (7)

Given the bound ergotropy Eb(ρ) = tr
{
(Pρ − P th

ρ )
}

, we get

β (E(ρ) + Eb(ρ)) ≤ I(A : B). (8)

For the multipartite case, we have

β E(ρ) ≤ I(A1 : A2 : ... : Ak). (9)

β N (E(ρ) + Eb(ρ)) ≤ N I(A1 : A2 : ... : Ak), (10)

Illustration

• We focus on X-states

ρ(t) =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44

 . (11)

• Collective dissipation model [2]:

∂ρ

∂t
= − i

ℏ
[(H0 +Hd), ρ] +D−(ρ) +D+(ρ) = L(ρ), (12)

where H0=ℏω(σ+1 σ
−
1 + σ+2 σ

−
2 ) and Hd=ℏf (σ+1 σ

−
2 + σ+2 σ

−
1 ) are the self-Hamiltonian of the whole system

and the interaction Hamiltonian between the qubits, respectively. Additionally,

D−(ρ) =
2∑

i,j=1

γij (n̄ + 1)(σ−j ρσ
+
i − 1

2
{σ+i σ

−
j , ρ}),

D+(ρ) =
2∑

i,j=1

γij n̄(σ
+
j ρσ

−
i − 1

2
{σ−i σ

+
j , ρ}).

(13)

Here, n̄=[exp(βeω)− 1]−1 is the mean number of photons at the temperature of the environment βe, and
γij are the spontaneous decay rates.

• Plots:
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Concluding remarks

• Bound on the average power:
P(ρ) ≡ E(ρ)

τ
. (14)

=⇒ P(ρ) ≤ I(A : B)
G(Ω,Λ)

ℏβ L
(
ρ, Pρ

). (15)

We have,
G(Ω,Λ) = min

{
Ω,

√
(Ω + ⟨Λ⟩0 + tr {HAB}) (Ω− ⟨Λ⟩0)

}
, (16)

such that Γ(t) = φ̇(t) exp (−iHt/ℏ) Λ exp (iHt/ℏ) and ⟨Λ⟩0 = tr {ρΛ}.

• Extracting thermodynamic work from a scrambled state [3,4].

• A first step towards a thermodynamic description of quantum computers [5].
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