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We study the possibility of conveying useful energy (work) along a transmission line that allows for a partial preservation of quantum coherence. As a figure of merit we adopt the
maximum values that ergotropy, total ergotropy, and non-equilibrium free-energy attain at the output of the line for an assigned input energy threshold. When the system can be modelled
in terms of Phase-Invariant Bosonic Gaussian Channels (BGCs), we show that coherent inputs are optimal. For generic BGCs which are not Phase-Invariant the problem becomes more

complex and coherent inputs are no longer optimal. In this case, focusing on one-mode channels, we solve the optimization problem under the extra restriction of Gaussian input signals.
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B0OsSONIC GAUSSIAN STATES

2 o
‘We consider the n-mode clectromagnetic Hamiltonian A= Z?:l @ — %, where §; and
p;j are the local position and momentum operators respectively, in order to get a more
compact notation we define # = (41,1, -, G, Pn)"

The characteristic function of a bosonic quantum state  is x(p; ) = Tr[pD(x)], where z €
R? and D(x) = expli# - z]. A bosonic n-mode Gaussian state is a state whose characteristic
function has a gaussian form x(p;z) = emielortima where m = Tr[pf] is the statistical
mean of the state and o with entries o, = Tr[pr;, 7] is the covariance matriz. A Gaussian
state can be uniquely identified by its first two statistical moments. Coherent states are a
particular subclass of these states: they are defined as D(z)|0) (0| D(z)! they have m =
and o = Iy,.

The majority of quantum states realizable in linear Quantum Optics are Gaussian states,
since coherent, squeezed and thermal states are all Gaussian. y
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BoSONIC GAUSSIAN CHANNELS (BGCs)

A Bosonic Gaussian Channel (BGC) acting on ny input modes with no output modes trans-
forms the characteristic function of any quantum state in the following way: x(®(p);z) =
x(p; XTx)exp[—2aTYx + imi] where X € R20X2 and Y € R**2M s positive
(f}n Ié’ So BGCs trans-
form the first two statistical moments of an n-mode bosonic state in the following way
m’ =Xm o' = XoXT +Y. BGCs send Caussian states into Gaussain states. )

semidefinite and Y > i(yn, + X’anXT) with v, =

PHASE-INSENSISTIVE BGCs (PI-BGCs)

Among BGCs Phase-Insensitive Bosonic Gaussian Channels (PI-BGCs) represent a large
and physically motivated class of operations, in particular the are defined as BGCs such
that V¢ € R R . . .

®(e™ 1 pelflt) = eFHO@(p)e o,

where H. 1 is the ny-mode input Hamiltonian while ﬁo is the no-mode output Hamiltonian.
One mode PI-BGCs can model both attenuation and amplification processes subject to en-
vironmental thermal noise, for instance the noisy loss channel £, x, the noisy amplification
channel A, x and the additive noise channel Ny are all one-mode PI-BGCs. From a prac-
tical standpoint they represent idealized versions of optical amplifiers and optical fibers.

Moreover multimode PI-BGCs can provide idealized versions of broadband communication
in the optical regime. )

MAJORIZATION

Given two quantum states p and é, we say that p majorizes f if

k k
pi(p) =D pi(€)
j=1

Jj=1

vk e N

where we compared the spectra of the two states ordered in decreasing order.

Majorization is a partial order between quantum states, moreover several quantum state
functional are Schur-convex, i.c. f(p) > f(é) if p = £, so majorization can be used to
optimize various figures of merit. )

QUANTUM WORK EXTRACTION

In Quantum Mechanics the average energy of a system that can be used depends on the
work extraction protocol, in particular we study three different figures of merit which are
widely used in Quantum Thermodynamics.

Ergotropy is the average maximum work that can be extracted via unitary operations:

&(p) = Tx[p] — ngn e[V VT H).

Total ergotropy is the regularized ergotropy of infinite copies of a system:

5om)

Eot(p) = lim

n—oo n

Non-equilibrium free energy is the extractable energy through thermal operations using a
thermal bath with inverse temperature [3:

F(p) = Tr[pH] — 87" S(p)-

They are all Schur-convex functionals with states at fixed energy! y
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We study the energy transport from a quantum source to a quantum user. We do so by
focusing on noisy bosonic quantum channels that are widely used as information carriers,
in particular we find the best possible protocols to preserve the crogtropy, the total
ergotropy and the non-equilibrium free energy at the output of BGCs. Moreover our work
is useful in order to maximize the energy storage of a bosonic Quantum Battery.

REsuLTrs oN PI-BGCs

Theorem 1 For anyn € N, E € R*, p with Tr[ﬁfl] < E, for any n-mode PI-BGC ® there
exists a coherent state ¢ with Tr(¢] = E such that

E@(P) 2 E(®(P)  Eior(P(P)) = Eror(P(p))

Theorem 2 For any s, E € R*, p with Tv’[ﬁﬁ] < E and Sj([)) > s, for any one-mode
PI-BGC @ there exists a displaced thermal state ¢ with Tr(pH| and S(¢) = s such that

E@(@) 2 E(®(P)  Eior(P(P)) = Eror(P(p))

FH (@) = F(2(p))

FP(0(p)) > F*(2(p))

SKETCH OF THE PROOF

‘We use the following result: for any multimode PI-BGC & the output coherent

states majorize all other states ®(p) = ®(p), for the one mode case the result holds for
thermal displaced states at fixed input entropy.

So we know that output coherent state are the most ordered possible output states, we now
just need to prove that we can always choose a coherent state that maximizes the output
cnergy, but for any state (even non Gaussian) we have that Tr[pH] = |m|2/2 + 1/4Tr[o] —
n/2, so from this expression by using peculiar properties of PI-BGCs we can prove that
there exist a coherent state ¢ that maximizes the output energy. y

RESULTS ON ONE-MODE BGCs

Due to the explicit presence of squeezing operation the preoblem becomes much more
intricate, in fact we cannot find a state that optimizes both terms in our functionals.

We find the best input state with fixed energy for input Gaussian state in the one-mode
casc.
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Fig. 1: Rescaled maximum output ergotropy values £ 0% /E attainable with Gaussian inputs with input

energy E for one-mode, not-PT BGCs. ) and b) attenuator-squeezing channels Ty ¢ = £, 0 0 S¢ with 1 = 0.5
and 7 = 0.9 respectively; ¢) and d) amplifier-sqeezing channels ©, ¢ = A, o 0 ¥¢ with p =2 and p =5
respectively. In the no-squeczing ¢ = 1 regime (bluc lines) the maps arc PI and the reported values coincide with

the absolute maxima (n and p) dictated by Theorem 1. y,




